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Abstract
We construct a cosmological scalar-tensor-theory model in which the Brans-Dicke type scalar Φ enters
the effective (Jordan-frame) Hubble rate as a simple modification of the Hubble rate of the ΛCDM model.
This allows us to quantify differences between the background dynamics of scalar-tensor theories and general
relativity (GR) in a transparent and observationally testable manner in terms of one single parameter. Prob-
lems of the mapping of the scalar-field degrees of freedom on an effective fluid description in a GR context
are discused. Data from supernovae, the differential age of old galaxies and baryon acoustic oscillations are
shown to strongly limit potential deviations from the standard model.
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I. INTRODUCTION
In scalar-tensor theories the gravitational interaction is mediated both by a metric tensor and
a scalar field. The interest in this type of theories of gravity is connected with the expectation
that the observed late-time accelerated expansion of the Universe may be understood without a
dark-energy (DE) component [1–3]. Instead, it is the modified (compared with Einstein’s theory)
geometrical sector which is supposed to provide the desired dynamics[4–7]. This may be seen as a
geometrization of DE. Different aspects of scalar-tensor theories in general or subclasses of them
have been investigated in [8–21].
Scalar-tensor theories are formulated either in the Einstein frame or in the Jordan frame. Both
frames are related by a conformal transformation. While matter and scalar field energies are
separately conserved in the Jordan frame, the dynamics of both components is coupled in the
Einstein frame for any equation of state (EoS) different from that of radiation. Because of the
complex structure of scalar-tensor theories, simple solutions are difficult to obtain, even if the
symmetries of the cosmological principle are imposed. Hence, in practice, the background expansion
rate is usually obtained via numerical integration of the equations of motion. In general, the scalar-
tensor-theory based cosmological dynamics may substantially differ from standard cosmology. Our
focus here is on the simplest possible extension of the standard ΛCDM model that scalar-tensor
theory can provide. In this minimalist approach we remain in the vicinity of the standard model at
the present epoch and we aim to quantify the differences between scalar-tensor theory and general
relativity (GR) by establishing a structure in which the scalar field Φ explicitly enters an analytic
solution of the dynamics such that for Φ = 1 the standard ΛCDM limit is recovered. To this
purpose we construct a simple model which is analytically solved in the Einstein frame. With the
help of a conformal transformation we then demonstrate how the field Φ, which is given as a certain
power of the scale factor, enters the (Jordan-frame) Hubble rate. Here we rely on an effective GR
description of the Jordan-frame dynamics to determine the geometric equivalent of DE.
In more detail, our starting point is a simple, analytically tractable expression for the coupling
between nonrelativistic matter and the (Einstein frame) scalar field which modifies the standard
decay of the matter energy density with the third power of the cosmic scale factor. This interaction-
triggered deviation of the standard decay in the Einstein frame is modeled by a power-law behavior
in terms of the Einstein-frame scale factor. Under this condition and if additionally an effective
energy density and an effective pressure, linked by a constant “bare” EoS parameter, are assumed,
an explicit solution of the Einstein-frame dynamics is obtained with the mentioned power as an
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additional parameter. A straightforward conformal transformation then allows us to obtain the
Hubble rate and the deceleration parameter in terms of this parameter in the Jordan frame as
well. For the value zero of such new parameter, corresponding to Φ = 1, both frames become
indistinguishable and reproduce the dynamics of the standard ΛCDM model. Otherwise one has a
variable Φ and the dynamics in both frames becomes different, deviating from that of the standard
model. The analytic expression for the Hubble rate which explicitly clarifies the impact of the scalar
field on the cosmological dynamics is the main achievement of this paper. We shall confront the
deviations from the standard model with data from supernovae of type Ia (SNIa), the differential
age of old galaxies that have evolved passively (using H(z), where H is the Hubble rate and z is
the redshift parameter) and baryon acoustic oscillations (BAO).
The structure of the paper is as follows. In Sec. II we recall basic general relations for scalar-
tensor theories and specify them to the homogeneous and isotropic case. In Sec. III we set up an
effective two-component description in the Einstein frame, introduce our interaction model and find
the Einstein-frame Hubble rate. The transformation to the Jordan frame is performed in Sec. IV
where we also discuss the implications of a mapping of the scalar-field degrees of freedom on the
effective fluid dynamics in a GR context. Section V is devoted to a Bayesian statistical analysis
on the basis of observational data of SNIa, H(z) and BAO. Finally, in Sec. VI we summarize our
results.
II. BASICS OF SCALAR-TENSOR THEORIES
Scalar-tensor theories are based on the (Jordan-frame) action (see, e.g., [17, 19, 20])
S(gµν ,Φ) =
1
2κ2
∫
d4x
√−g
[
ΦR− ω(Φ)
Φ
(∇Φ)2 − U(Φ)
]
+ Sm (gµν) (1)
with a minimally coupled matter part
Sm =
∫
d4x
√−gLm (gµν) , (2)
where κ2 = 8piG and Lm denotes the matter Lagrangian. The dynamical field equations are
Φ
(
Rµν − 1
2
gµνR
)
= κ2Tµν
+
ω(Φ)
Φ
(
∂µΦ∂νΦ− 1
2
gµν (∇Φ)2
)
+∇µ∇νΦ− gµνΦ− 1
2
gµνU, (3)
where the energy-momentum tensor of the matter is obtained as usual via
Tµν = − 2√−g
δSm
δgµν
. (4)
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The dynamics of the field Φ is dictated by
Φ = 1
2ω(Φ) + 3
(
κ2T − dω(Φ)
dΦ
(∇Φ)2 + ΦdU
dΦ
− 2U
)
, (5)
which implies a coupling to the trace T ≡ Tr(Tµν) of the matter energy-momentum tensor.
Adopting the conformal transformation
gµν =
1
Φ
g˜µν = e
2 b(ϕ) g˜µν (6)
of the metric tensor gµν as well as a redefinition of the potential term
V (ϕ) =
U(Φ)
2κ2Φ2
(7)
and
1
4Φ2
(
dΦ
dϕ
)2
=
(
db
dϕ
)2
=
κ2
4ω(Φ) + 6
, (8)
one obtains the Einstein-frame action
S (g˜µν , ϕ) =
∫
d4x
√
−g˜
[
1
2κ2
R˜− 1
2
(
∇˜ϕ
)2 − V˜ (ϕ)]+ ∫ d4x√−g˜L˜m (e2b(ϕ)g˜µν) , (9)
in which the matter part is non-minimally coupled to the gravitational sector. Throughout the
paper, quantities without a tilde refer to the Jordan frame, quantities with a tilde have their
meaning in the Einstein frame.
Restricting ourselves to spatially flat homogeneous and isotropic cosmological models with a
Robertson-Walker metric and assuming a perfect-fluid structure for the energy-momentum tensor
of the matter with energy density ρm, pressure pm and four-velocity u
µ,
Tµν = ρmuµuν + pmhµν , hµν = gµν + uµuν , (10)
the relevant Jordan-frame equations are
H2 =
κ2
3
ρm
Φ
+
1
3Φ
[
1
2
ω(Φ)
Φ
(
∂Φ
∂t
)2
− 3H∂Φ
∂t
+
1
2
U
]
, (11)
where H = 1a
da
dt is the Hubble rate of the Jordan frame and a is the Jordan-frame scale factor,
dH
dt
= −κ
2
2
ρm + pm
Φ
− 1
2Φ
[
ω(Φ)
Φ
(
∂Φ
∂t
)2
−H∂Φ
∂t
+
d2Φ
dt2
]
, (12)
d2Φ
dt2
+ 3H
dΦ
dt
=
1
2ω + 3
(
κ2 (ρm − 3pm)− dω
dΦ
(
dΦ
dt
)2
− ΦdU
dΦ
+ 2U
)
, (13)
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as well as the matter conservation
dρm
dt
+ 3H (ρm + pm) = 0. (14)
The corresponding relations for the Einstein frame are
H˜2 =
κ2
3
[
ρ˜m +
1
2
(
dϕ
dt˜
)2
+ V˜
]
, (15)
where H˜ = 1a˜
da˜
dt˜
is the Einstein-frame Hubble rate and a˜ is the Einstein-frame scale factor, as well
as
dH˜
dt˜
= −κ
2
2
[
ρ˜m + p˜m +
(
dϕ
dt˜
)2]
, (16)
dρ˜m
dt˜
+ 3H˜ (ρ˜m + p˜m) = −dϕ
dt˜
db
dϕ
(−ρ˜m + 3p˜m) (17)
and
d2ϕ
dt˜2
+ 3H˜
dϕ
dt˜
+ V˜,ϕ =
db
dϕ
(−ρ˜m + 3p˜m) , (18)
where we have introduced the notation V˜,ϕ =
∂V˜
∂ϕ .
Different from the Jordan frame, the matter component is not separately conserved here. The
time coordinates and the scale factors of the FLRW metrics of both frames are related by
dt = ebdt˜ and a = eba˜ , (19)
respectively. The matter pressure and the matter energy density transform as
pm = e
−4b p˜m and ρm = e−4b ρ˜m , (20)
respectively. This means pmρm =
p˜m
ρ˜m
, i.e., the EoS parameter of the matter remains invariant.
III. EINSTEIN-FRAME DESCRIPTION
A. General relations
The Einstein-frame equations (15) – (18) are of an effective two-component structure in which
matter interacts with a scalar field. We associate an effective energy density ρ˜ϕ and an effective
pressure p˜ϕ to the scalar field by
ρ˜ϕ =
1
2
(
dϕ
dt˜
)2
+ V˜ and p˜ϕ =
1
2
(
dϕ
dt˜
)2
− V˜ , (21)
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respectively. Equations (17) and (18) can then be written as
dρ˜m
dt˜
+ 3H˜ (1 + w˜m) ρ˜m = Q ≡ dϕ
dt˜
db
dϕ
(1− 3w˜m) ρ˜m (22)
and
dρ˜ϕ
dt˜
+ 3H˜ (1 + w˜) ρ˜ϕ = −Q = −dϕ
dt˜
db
dϕ
(1− 3w˜m) ρ˜m, (23)
respectively, where w˜m =
p˜m
ρ˜m
is the matter EoS parameter and w˜ =
p˜ϕ
ρ˜ϕ
is the Einstein-frame EoS
parameter for the scalar field. Notice the difference in notation between the EoS parameter w and
the coupling ω in the action of the scalar-tensor theory. The interaction vanishes for the special
case w˜m = 1/3. The total energy density ρ˜ and the total pressure p˜ are
ρ˜ = ρ˜m + ρ˜ϕ, p˜ = p˜m + p˜ϕ, (24)
for which the conservation equation
dρ˜
dt˜
+ 3H˜ (ρ˜+ p˜) = 0 (25)
holds.
B. Modeling the interaction
In the special case p˜m = 0 the solution of (22) can be written as
ρ˜m = ρ˜m0a˜
−3f(a˜) ⇒ dρ˜m
dt˜
+ 3H˜ρ˜m =
ρ˜m
f
df
dt˜
, (26)
where the function f encodes the effects of an interaction between matter and scalar field. Com-
paring (22) and (26), it follows that
1
f
df
dt˜
=
dϕ
dt˜
db
dϕ
⇒ f = eb(ϕ). (27)
The absence of an interaction means a constant f , equivalent to ϕ = ϕ0 = constant. Writing the
time derivative of f (a˜) as
df
dt˜
=
df
da˜
da˜
dt˜
=
df
da˜
a˜H˜ , (28)
Eq. (23) becomes
dρ˜ϕ
d ln a˜
+ 3 (1 + w˜) ρ˜ϕ = −ρ˜m0 a˜−3
df
d ln a˜
. (29)
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For a constant EoS parameter w˜ the solution of this equation is
ρ˜ϕ = ρ˜ϕ0a˜
−3(1+w˜) − ρ˜m0 a˜−3(1+w˜)
∫ a˜
a˜0
da˜
df
da˜
a˜3w˜ . (30)
For a given interaction f(a˜), the Hubble rate (15) is then determined by the sum of ρ˜m from (26)
with (28) and ρ˜ϕ from (30).
To construct an explicitly solvable model we shall assume a power-law behavior of the interaction
function f (a˜),
f (a˜) = a˜3m. (31)
Clearly, for m = 0 the function f becomes constant and the interaction is absent.
With (31) the explicit solution of (30) then is
ρ˜ϕ =
(
ρ˜ϕ0 +
m
w˜ +m
ρ˜m0
)
a˜−3(1+w˜) − m
w˜ +m
ρ˜m0 a˜
−3(1−m). (32)
Via
dϕ
dt˜
db
dϕ
= 3mH˜,
dϕ
d ln a˜
db
dϕ
= 3m, (33)
the interaction term Q becomes
Q = 3mH˜ρ˜m. (34)
C. Effective EoS and Hubble expansion rate for a linear dependence b(ϕ) = Kϕ
In order to obtain analytical expressions for the dynamics we consider the simple case of a linear
dependence
b = b(ϕ) = Kϕ, K =
√
κ2
4ω + 6
, (35)
where the expression for K follows from (8). This implies also the relations
ϕ =
3m
K
ln a˜, b = 3m ln a˜, eb = a˜3m,
db
dt˜
= 3mH˜, (36)
as well as
Φ = e−2Kϕ = e−2b = a˜−6m. (37)
The power m is a direct measure of the interaction strength. The interaction-free case m = 0
corresponds to ϕ = ϕ0 = constant, i.e., V˜ = ρ˜ϕ and, consequently, to w˜ = −1, equivalent to the
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ΛCDM model. For m > 0 one has Q > 0 while for m < 0 the opposite, Q < 0, is valid. The first
equation in (37) relates the scalars Φ and ϕ without specifying a potential V (ϕ).
For the special case of an exponential potential,
V (ϕ) = V0e
−λϕ, (38)
one has, from (8),
ϕ = − 1
2K
ln Φ ⇒ V = V0Φ λ2K (39)
and relation (7) provides us with the power-law potential
U(Φ) = U0Φ
2+ λ
2K , U0 = 2κ
2V0. (40)
With (33) the balance equation (23) for ρ˜ϕ can be written
dρ˜ϕ
dt˜
+ 3H˜
(
1 + w˜eff
)
ρ˜ϕ = 0, (41)
with an effective EoS parameter
w˜eff = w˜ +m
ρ˜m
ρ˜ϕ
, (42)
corresponding to an effective pressure p˜effϕ = w˜eff ρ˜ϕ. The interaction modifies the “bare” EoS
parameter w˜. The modification is linear in the interaction parameter m. Likewise, the matter
balance (22) takes the form of a conservation equation
dρ˜m
dt˜
+ 3H˜ (1−m) ρ˜m = 0 ⇒ ρ˜m = ρ˜m0a˜−3(1−m). (43)
Since from (37) one has a˜ = e
K
3m
ϕ, it follows that the matter energy density can be written in terms
of the scalar field as
ρ˜m = ρ˜m0a˜
−3(1−m) = ρ˜m0e−
1−m
m
Kϕ. (44)
This exponential structure allows us to write
ρ˜m = − m
K (1−m) ρ˜m,ϕ, (45)
which is of interest in defining an effective potential. Then, Eq. (23) (for p˜m = 0) is equivalent to
d2ϕ
dt˜2
+ 3H˜
dϕ
dt˜
+ V˜ eff,ϕ = 0, (46)
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where V˜ eff now includes the interaction,
V˜ eff = V˜ + V˜int ≡ V˜ − m
(1−m) ρ˜m. (47)
Because of the representation in (44), the interaction potential is of the exponential type. One
may introduce effective quantities
ρ˜effϕ =
1
2
(
dϕ
dt˜
)2
+ V˜ eff and p˜effϕ =
1
2
(
dϕ
dt˜
)2
− V˜ eff , (48)
for which, from (46),
dρ˜effϕ
dt˜
+ 3H˜
(
1 + W˜ eff
)
ρ˜effϕ = 0 (49)
is valid with
W˜ eff =
p˜effϕ
ρ˜effϕ
=
p˜ϕ +
m
1−m ρ˜m
ρ˜ϕ − m1−m ρ˜m
=
w˜ + m1−mr
1− m1−mr
. (50)
For w˜ = −1 we have W˜ eff = −1 as well.
Together with (44) the total energy becomes
ρ˜ = ρ˜m + ρ˜ϕ =
1
1 +m/w˜
ρ˜m0a˜
−3(1−m) +
(
ρ˜ϕ0 +
m
w˜ +m
ρ˜m0
)
a˜−3(1+w˜). (51)
For the actual value we have ρ˜0 = ρ˜m0 + ρ˜ϕ0. Introducing the fractional quantities
Ω˜m0 =
8piGρ˜m0
3H˜20
, Ω˜ϕ0 =
8piGρ˜ϕ0
3H˜20
= 1− Ω˜m0, (52)
the square of the Hubble rate is
H˜2
H˜20
=
1
1 +m/w˜
{
Ω˜m0a˜
−3(1−m) +
[
1 +
m
w˜
− Ω˜m0
]
a˜−3(1+w˜)
}
. (53)
The non-interacting case m = 0 corresponds to a wCDM model. As already mentioned, since then
ϕ = constant, the only possibility here is w˜ = −1, i.e., the ΛCDM model.
In the following we shall focus on the case w˜ = −1 but admitting m to be non vanishing. Under
this condition H˜2 consists of a constant part like the ΛCDM model but modified by the presence
of m and a matter part in which the parameter m modifies the conventional a˜−3 behavior:
H˜2
H˜20
= eKϕ
Ω˜m0a˜
−3
1−m + 1−
Ω˜m0
1−m . (54)
These small modifications make the Einstein-frame dynamics different from that of the ΛCDM
model. (Alternatively, this solution may be interpreted in a purely GR context with the ϕ compo-
nent belonging to the matter part of the field equations, interacting with nonrelativistic matter.)
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For the deceleration parameter
q˜ = −1− a˜
H˜
d H˜
d a˜
(55)
we find
q˜ =
1
2
(1− 3m) Ω˜m0a˜−3(1−m) − 2
[
1−m− Ω˜m0
]
Ω˜m0a˜−3(1−m) +
[
1−m− Ω˜m0
] . (56)
For m = 0 its present value consistently reduces to q˜0 = −1 + 32 Ω˜m0.
D. Consistency check
Now, a consistency check can be performed as follows. With (36) we have(
dϕ
dt˜
)2
=
9m2
K2
H˜2. (57)
Taking into account H˜2 = κ
2
3 (ρ˜m + ρ˜ϕ) results in
w˜ =
1
2
(
dϕ
dt˜
)2 − V
1
2
(
dϕ
dt˜
)2
+ V
=
3m2 (2ω + 3) (ρ˜m + ρ˜ϕ)− V
3m2 (2ω + 3) (ρ˜m + ρ˜ϕ) + V
, (58)
equivalent to
w˜ = −1 + 6m
2 (2ω + 3)
(ρ˜m+ρ˜ϕ)
V
1 + 3m2 (2ω + 3)
(ρ˜m+ρ˜ϕ)
V
= −1 +O(m2). (59)
In general, our initial assumption of a constant w˜ does not seem to be compatible with the dynamics
of ϕ in (57). However, the corrections to the constant value w˜ = −1 are quadratic in the interaction
parameter m, there does not appear a term linear in m in (59). Our approach will therefore be
consistent, if we restrict ourselves to w˜ = −1 and to modifications of the effective equation of state
(42) which are linear in m. Since m quantifies deviations from the ΛCDM model, one expects m
to be small.
IV. JORDAN-FRAME DESCRIPTION
With H = 1a
da
dt the transformations (19) allow us to establish the relation between the Hubble
rates of both frames:
H = e−b (1 + 3m) H˜. (60)
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With
f = eb =
a
a˜
(61)
and (31) we have
a = a˜3m+1 ⇒ a˜ = a 13m+1 ⇒ a˜
a
= a−
3m
3m+1 , (62)
i.e., the power m quantifies the difference of the scale factors in both frames. For m = 0 one has
a˜ = a and the dynamics in both frames reduces to that of the ΛCDM model. Combining (36) and
(62) yields b in terms of the Jordan-frame scale factor a,
b =
3m
1 + 3m
ln a,
db
dt
=
3m
1 + 3m
H. (63)
For the Hubble rate it follows that
H =
a˜
a
(1 + 3m) H˜. (64)
The matter energy densities in both frames are related by
ρm = e
−4bρ˜m =
(
a˜
a
)4
ρ˜m0a˜
−3(1−m) = a−
12m
1+3m ρ˜m0a˜
−3(1−m) = ρm0a−3, (65)
where we have used ρ˜m0 = ρm0. As expected, we recover the characteristic a
−3 behavior for
separately conserved non-relativistic matter in the Jordan frame.
Using (62) and (53) in (64) we obtain the Jordan-frame Hubble rate square
H2 = (1 + 3m)2 H˜20
{
Ω˜m0
1 +m/w˜
a−
3m+3
3m+1 +
[
1− Ω˜m0
1 +m/w˜
a−
6m+3(1+w˜)
3m+1
]}
. (66)
Obviously, H20 = (1 + 3m)
2 H˜20 . This implies Ω˜m0 = (1 + 3m)
2 Ωm0. Then, for w˜ = −1,
H2
H20
= AΩm0a
−3+ 6m
1+3m + [1−AΩm0] a−
6m
1+3m , A ≡ (1 + 3m)
2
1−m , (67)
or, since
a
6m
1+3m = e2b = Φ−1, (68)
the square of the Hubble rate can be written as
H2
H20
=
AΩm0a
−3
Φ
+ [1−AΩm0] Φ. (69)
This expression is our main result. It represents the (Jordan-frame) Hubble rate of our scalar-
tensor-theory model. From the structure of (69) it is obvious, how the scalar Φ modifies the
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cosmological dynamics compared with the GR based standard model. For m = 0, equivalent to
Φ = 1, we recover the ΛCDM model and the Jordan-frame dynamics coincides with the dynamics
in the Einstein frame. For any m 6= 0, equivalent to Φ 6= 1, the expression (69) (or (67)) represents
a testable, alternative model with presumably small deviations from the ΛCDM model. Notice
that the modifications of the ΛCDM model are different from those in the Einstein frame. In
particular, there is no constant part even for w˜ = −1.
It should be emphasized that the solution Φ = a−
6m
1+3m is a consequence of the solution of the
macroscopic fluid dynamical equations for the energy densities under the assumption (31). It is
not a solution of equation (13), which would require an explicit expression for the potential U . The
unknown exact solution of the scalar field equation (13) is replaced here by the effective solution
Φ = a−
6m
1+3m which was obtained using the approximations (31) and (35) in the macroscopic fluid
dynamics. Our procedure allows us to obtain an explicit expression for Φ and for the Hubble
rate without solving the scalar field equation (13). This can be seen as a major advantage of the
approach. By direct calculation one verifies that Φ obeys the simplified effective equation of motion
d2Φ
dt2
+ 3H
dΦ
dt
= −9H20
m
(1 + 3m)2
[
(1 +m)AΩm0a
−3 + 2 (1−AΩm0) Φ2
]
(70)
instead of (13). Since
a−3 = Φ
1+3m
2m , (71)
equation (70) is of the form
d2Φ
dt2
+ 3H
dΦ
dt
+ U eff,Φ = 0, (72)
where
U eff,Φ = 9H
2
0
m
(1 + 3m)2
[
(1 +m)AΩm0Φ
1+3m
2m + 2 (1−AΩm0) Φ2
]
. (73)
This means, the dynamics of our Φ is that of a scalar field with potential U eff . For m = 0
the derivative U eff,Φ vanishes, corresponding to a constant effective potential and compatible with
Φ = 1, thus recovering the ΛCDM model. It should be kept in mind, however, that the dynamics
of Φ describes deviations from the ΛCDM model, not this model itself.
The total energy density corresponding to (69) may be written as
ρ = A
ρm
Φ
+ ρ0 (1−AΩm0) Φ, (74)
or, separating the matter part as in (11)
ρ =
ρm
Φ
+ (A− 1) ρm
Φ
+ ρ0 [1−AΩm0] Φ. (75)
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The appearance of the scalar Φ in these expressions changes the relative contributions of matter
and the dark-energy equivalent. Our model encodes the deviations of the scalar-tensor description
from the ΛCDM model entirely in the constant parameter m which is supposed to be small. To
be more definite we shall assume |m| < 13 . Under this condition Φ decays with a for m > 0 while
it increases for m < 0. It is only exactly at the present epoch a = 1 that Φ(a = 1) = 1. For m > 0
we have Φ > 1 in the past (a < 1), for m < 0, on the other hand, Φ increases from Φ < 1 at a < 1
to the present Φ(a = 1) = 1. For a 1 the energy density approaches
ρ ≈ Aρm0a−3a
6m
1+3m (a 1). (76)
In the far-future limit a 1 we have
ρ ≈ ρ0 (1−AΩm0) a−
6m
1+3m (a 1). (77)
Depending on the sign of m it may either decay (m > 0) or increase (m < 0).
The matter fraction becomes
Ωm =
ρm
ρ
=
Ωm0a
−3
AΦ−1Ωm0a−3 + [1−AΩm0] Φ . (78)
We may introduce an effective GR description by defining a component ρx = ρ− ρm,
ρx
ρ0
= [1−AΩm0] a−
6m
1+3m + Ωm0a
−3
[
Aa
6m
1+3m − 1
]
, (79)
equivalent to
ρx =
(
A
Φ
− 1
)
ρm + ρ0 [1−AΩm0] Φ (80)
with the fractional contribution
Ωx =
ρx
ρ
=
(
AΦ−1 − 1)Ωm0a−3 + [1−AΩm0] Φ
AΦ−1Ωm0a−3 + [1−AΩm0] Φ . (81)
Then, at high redshift,
Ωm =
ρm
ρ
≈ 1
A
a−
6m
1+3m , Ωx =
ρx
ρ
≈ 1− 1
A
a−
6m
1+3m (a 1). (82)
For m > 0 the effective energy density ρx becomes negative for small values of a. While the
combination 1−AΩm0 remains always positive for small values of m and Ωm0 of the order of 0.3,
the combination Aa
6m
1+3m − 1 will change its sign with the increase of the scale factor. This sign
change will occur at a value ac, given by
Aa
6m
1+3m
c − 1 = 0 ⇒ ac =
[
1−m
(1 + 3m)2
] 1+3m
6m
. (83)
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It is straightforward to check that values O |m| & 0.1 drastically change the dynamics compared
with that of the standard model. Namely, for m > 0 the combination Aa
6m
1+3m − 1 is negative
for small values of a. With increasing a one obtains a change to positive values at ac ≈ 0.25 for
m = 0.1, corresponding to a redshift zc ≈ 3 and at ac ≈ 0.31 (redshift zc ≈ 2.2) for m = 0.01. For
m < 0 the term Aa
6m
1+3m − 1 is positive for a 1 but will change the sign as well. For m = −0.1
this happens at ac ≈ 0.39 (redshift zc ≈ 1.6), for m = −0.01 the corresponding values are ac ≈ 0.08
(zc ≈ 11.6). The behavior of the fractional energy densities is shown in Figs. 1. The right panels
use logarithmic units showing the asymptotic values of Ωm and Ωx at early times. It should be
emphasized again that the “energy density” ρx does not represent a material substratum, it is
of geometric origin. The fact that the quantity ρx may become negative does not jeopardize the
model. What matters here is the Hubble rate which is always well behaved.
To complete the analogy, the component ρx is supposed to obey the conservation equation
dρx
dt
+ 3H (1 + wx) ρx = 0 (84)
with an effective EoS parameter wx. With
dρx
dt =
dρx
da
da
dt ≡ ρ′xaH we obtain
ρ′xa+ 3 (1 + weff ) ρx = 0 ⇒ 1 + wx = −
1
3
ρ′xa
ρx
. (85)
A direct calculation yields
wx = −1 +
2m
1+3m [1−AΩm0] Φ + Ωm0a−3
[
1+m
1+3mAΦ
−1 − 1
]
[1−AΩm0] Φ + Ωm0a−3 [AΦ−1 − 1] . (86)
Equation (86) establishes a relation between the constant, “bare” EoS parameter w˜ = −1 in the
Einstein frame and the generally time-dependent effective Jordan-frame EoS parameter wx. For
m = 0 we recover wx = w˜ = −1. At high redshift
wx ≈ −1 +
[
1+m
1+3mAΦ
−1 − 1
]
[AΦ−1 − 1] (a 1). (87)
The value of wx may be close to zero at high redshift, i.e., mimicking dust, but the effective energy
density will be negative for m > 0. Already a rather small value of |m| 6= 0 will substantially change
the behavior of this dark-energy equivalent compared with the standard-model dark energy. The
present value of the effective EoS parameter is
wx = −1 +
2m
1+3m + 3mΩm0
1− Ωm0 (a = 1). (88)
Given that |m| is small, this remains in the vicinity of wx = −1. In the far future wx approaches
wx ≈ −1 + 2m
1 + 3m
(a 1). (89)
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FIG. 1: Matter fraction Ωm of the total energy and geometric energy fraction Ωx for negative (top panels)
and positive (bottom panels) values of m. Logarithmic units are used in the right panels. This allows for a
better visualization for the asymptotic values at early times.
The evolution of the effective EoS parameter wx is visualized in Fig. 2 for different values of m.
For small values of a one has wx > 0 but there will be a change to wx < 0 well before the present
epoch. The effective energy density changes from the phantom regime to a later phase with ρx > 0.
Due to the sign change in ρx the transition point ρx = 0 is accompanied by a singularity in wx at
this point for m positive.
The result for the deceleration parameter q = −1− aH′H is
q =
1
2
1−3m
1+3mAΩm0a
−3Φ−1 − 21+3m [1−AΩm0] Φ
AΩm0a−3Φ−1 + [1−AΩm0] Φ . (90)
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FIG. 2: Effective EoS parameter as function of the scale factor for negative (left panel) and positive (right
panel) values of m.
As shown in Fig. 3, it changes from a high-redshift value
q ≈ 1
2
1− 3m
1 + 3m
(a 1), (91)
close to 12 , to the value close to −1,
q ≈ − 1
1 + 3m
(a 1), (92)
at late times.
The explicit expression for the pressure is
px = weffρx = −ρx + 2m
1 + 3m
ρ0 [1−AΩm0] Φ + ρ0Ωm0a−3
[
1 +m
1 + 3m
AΦ−1 − 1
]
. (93)
Differentiating and using Φ˙ = − 6m1+3mHΦ yields
p˙x = −ρ˙x − 3Hρ0
{(
2m
1 + 3m
)2
[1−AΩm0] Φ + Ωm0a−3
[(
1 +m
1 + 3m
)2
AΦ−1 − 1
]}
. (94)
Since
ρ˙x = −3Hρ0
{
2m
1 + 3m
[1−AΩm0] Φ + Ωm0a−3
[
1 +m
1 + 3m
AΦ−1 − 1
]}
, (95)
we find
p˙x
ρ˙x
= −1 +
(
2m
1+3m
)2
[1−AΩm0] Φ + Ωm0a−3
[(
1+m
1+3m
)2
AΦ−1 − 1
]
2m
1+3m [1−AΩm0] Φ + Ωm0a−3
[
1+m
1+3mAΦ
−1 − 1
] . (96)
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FIG. 3: Deceleration parameter for various negative (left panel) and positive (right panel) values of m.
At high redshift this quantity (which corresponds to the adiabatic sound speed) is considerably
smaller than 1, it may even be close to zero. The far-future limit is
p˙x
ρ˙x
≈ −1 + 2m
1 + 3m
(a 1). (97)
While this does not seem to differ substantially from the standard model, the intermediate behavior
does. As visualized in Fig. 4, this quantity changes its sign at the points with ρ˙x = 0 which implies
a singularity in p˙xρ˙x . Recall that the energy density ρx is an effective quantity which simulates DE
but does not belong to the matter part of the field equations. It is of entirely geometric origin.
We may define a total EoS parameter w ≡ pρ = pxρ which results in
w ≡ p
ρ
=
px
ρ
= − 1
1 + 3m
(1 +m) [1−AΩm0] Φ + 2mAΦ−1Ωm0a−3
[1−AΩm0] Φ +AΦ−1Ωm0a−3 . (98)
The limits are
w ≈ − 2m
1 + 3m
(a 1) (99)
and
w ≈ − 1 +m
1 + 3m
(a 1), (100)
i.e., at high redshift w is close to zero, in the far-future limit it is close to −1. The total EoS
parameter is visualized in Figs. 5. It is well behaved for all values of m.
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FIG. 5: Total EoS parameter for various negative (left panel) and positive (right panel) values of m.
With
ρ+ p
ρ0
=
1 +m
1 + 3m
AΦ−1Ωm0a−3 +
2m
1 + 3m
[1−AΩm0] Φ, (101)
ρ˙
ρ0
= −3H
{
1 +m
1 + 3m
AΦ−1Ωm0a−3 +
2m
1 + 3m
[1−AΩm0] Φ
}
= −3Hρ+ p
ρ0
(102)
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and
p˙
ρ0
=
p˙x
ρ0
= 3H
2m (1 +m)
(1 + 3m)2
[
(1−AΩm0) Φ + Ωm0a−3AΦ−1
]
(103)
we find
p˙
ρ˙
= −2m (1 +m)
1 + 3m
(1−AΩm0) Φ + Ωm0a−3AΦ−1
2m [1−AΩm0] Φ + (1 +m)AΦ−1Ωm0a−3 . (104)
This effective adiabatic sound speed of the cosmic medium as a whole has the high-redshift limit
p˙
ρ˙
≈ − 2m
1 + 3m
(a 1), (105)
i.e., a very small value, and
p˙
ρ˙
≈ − 1 +m
1 + 3m
(a 1), (106)
in the far future, a value close to −1.
While for m > 0 the derivative p˙ is always positive and ρ˙ is always negative, the quantity p˙ρ˙
remains negative in the entire range. For m < 0, on the other hand, p˙ is always negative but ρ˙
may change its sign for sufficiently large values of a, which gives rise to a divergency in p˙ρ˙ at the
critical value
as =
[
(1− |m|)AΩm0
2|m| (1−AΩm0)
] 1
3
1−3|m|
1+|m|
(m < 0). (107)
For a < as the ratio
p˙
ρ˙ is positive, for a > as it is negative since ρ starts to grow at a = as. This is
consistent with the far-future limit in (77). Except for the rather large deviation from the standard
model with m = −0.1, these singularities occur in the distant future. Figs. 6 shows the dependence
of p˙ρ˙ on the scale factor for various values of m.
We finish this section with a simplified stability check of the solution for Φ, leaving a true
perturbation analysis to be the subject of a subsequent paper. We introduce a decomposition
Φ = Φb + Φ1 (108)
with our “background” solution Φb and a (homogeneous) perturbation Φ1 according to
Φb = a
− 6m
1+3m , Φ1  Φb. (109)
Linearizing yields
Φ
1+3m
2m = (Φb + Φ1)
1+3m
2m ≈ Φ
1+3m
2m
b +
1 + 3m
2m
Φ
1+m
2m
b Φ1 (110)
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and
Φ2 = (Φb + Φ1)
2 ≈ Φ2b + 2ΦbΦ1. (111)
Introducing these decompositions into (70) provides us, at first order, with an equation for Φ1,
d2Φ1
dt2
+ 3H
dΦ1
dt
+ 9H20
[
1
2
1 +m
1 + 3m
AΩm0Φ
1+m
2m
b +
4m
(1 + 3m)2
(1−AΩm0) Φb
]
Φ1 = 0. (112)
This is an equation for a damped harmonic oscillator with a time-dependent frequency ω, given by
ω2 = 9H20
[
1
2
1 +m
1 + 3m
AΩm0Φ
1+m
2m
b +
4m
(1 + 3m)2
(1−AΩm0) Φb
]
. (113)
The perturbation Φ1 is bounded, i.e. there is no instability for any ω
2 > 0. For positive values of
m this is always guaranteed. For m < 0 the second term in the square brackets had to dominate
the first one to violate the condition ω2 > 0. But since we imposed |m|  1 this may happen only
under the extreme condition a > acr where acr is a critical value, given by
a
3
1+|m|
1−3|m|
cr =
1− 3|m|
8|m| (1− |m|)
AΩm0
1−AΩm0 . (114)
It follows that an instability may occur at the most in the far-future limit a > acr where acr  1
due to the inverse dependence on |m|. This value of acr is of the same order as the previously
derived critical scale factor (107). In Fig. 7 we depict the dependence (113) of ω2 on m for the
present value Φb = 1 (solid line) and for a constant value Φb < 1 (broken line) which corresponds to
a scale factor in the past, i.e. a < 1, for m < 0. The gray strip represents the unstable part ω2 < 0.
The observationally allowed region for m (see the statistical analysis of the following section) lies
entirely in the stable range, even for the admitted negative m-values. Towards the past, the range
of admissible negative m-values increases since the intersection of the broken line with ω2 = 0 is
shifted to the left.
With the help of the decomposition (108) the Hubble rate (69) may be split into a background
part Hb and linear, homogeneous perturbations H1 about this background as well. Since with
a−3 = Φ
1+3m
2m the time evolution of the Hubble rate (69) is entirely determined by the dynamics of
Φ, we find H1 ∝ Φ1, i.e., the perturbed Hubble rate inherits the stability properties of the scalar
field perturbations.
V. STATISTICAL (OBSERVATIONAL) ANALYSIS
The purpose of this section is to test the viability of the background expansion predicted by
(67), equivalent to (69), based on the available observations. A particular interest here is to obtain
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FIG. 6: Scale-factor dependence of the total effective adiabatic sound speed for various negative (left panel)
and positive (right panel) values of m.
constraints on the parameter m which is responsable to dictating deviations of our model from
ΛCDM.
In order to compare (67) (or (69)) with the data we constrain the model parameters with the
following observational data sets.
Supernovae: First, we use Supernovae data from the JLA compilation [22]. We will use the
binned data set provided by reference [22] with the corresponding covariance matrix C. This test
is based on the observed distance modulus µobs(z) of each binned SN Ia data at a certain redshift
z,
µth(z) = 25 + 5log10
dL(z)
Mpc
, (115)
where the luminosity distance, in a spatially flat FLRW metric, is given by the formula
dL(z) = c(1 + z)
∫ z
0
dz′
H(z′)
. (116)
Knowledge of the Hubble expansion rate allows us to compute the predicted theoretical value µth(zi)
for a given redshift zi. The binned JLA data contains 31 data-points. For the JLA Supernova
sample the χ2 function is constructed according to
χ2SN = (µth(z)− µobs(z))†C−1 (µth(z)− µobs(z)) . (117)
Differential Age: A second observational source comes from the evaluation of differential age
data of old galaxies that have evolved passively [23–25]. Indeed, the expansion rate is defined as
H(z) = − 1
1 + z
dz
dt
. (118)
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FIG. 7: Dependence of ω2 on m for the present value Φb = 1 (solid line) and for a constant value Φb < 1
(broken line) which, for m < 0, corresponds to a scale factor in the past, i.e. a < 1. The instability range
(m-values left to the intersection of the Φb curve with the axis ω
2 = 0 ) shrinks towards the past, since
the intersection point moves to the left for Φb < 1. The grey stripe marks the instability region. The
observationally allowed values lie entirely in the stable part of the ω2 - m plane. For m > stability is always
guaranteed.
Since spectroscopic redshifts of galaxies are known with very high accuracy, one just needs a
differential measurement of time dt at a given redshift interval in order to obtain values for H(z).
The data used in this work consist of 28 data points listed in [26], but previously compiled in [27].
Baryon Acoustic Oscillations: The baryon acoustic oscillation (BAO) scale is calculated via
DV (z) =
[
(1 + z)2D2A(z)
cz
H(z)
]1/3
, (119)
where DA(z) is the angular-diameter distance. The values for DV have been reported in the
literature by several galaxy surveys. In our analysis we use data at z = 0.2 and z = 0.35 from the
SDSS [28], data at z = 0.44, 0.6 and 0.73 from the WiggleZ [29] and one data point at z = 0.106
from the 6dFGRS [30] surveys.
For our statistical analysis we construct the chi-square function of each sample
χ2 =
N∑
i=1
(
f th(zi)− fobs(zi)
)2
σ2i
, (120)
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where f = (H,DV ) for the H(z) and BAO datasets, respectively. The number of data points{
zi, f
obs(zi)
}
in each set is, respectively, NH and NBAO whereas σi is the observational error
associated to each observation fobs and f th is the theoretical value predicted by the scalar-tensor
model.
Adding up information from all data samples we can construct the total chi-square function as
χ2Total = χ
2
SN + χ
2
H + χ
2
BAO. (121)
We consider the expansion rate (67) as a model with three free parameters, H0,Ωm0 and m.
Our main interest is in constraints on the latter.
We will fix two hypersurfaces for the parameter H0: the Planck prior H0 = 68.7Km/s/Mpc [31]
and the recent determination from the Hubble Space Telescope (HST) H0 = 73.2Km/s/Mpc [32].
These priors on H0 allows us to span the Ωm0 x m plane. This can be seen in the left and central
panels in Fig. 8 where the 1σ and 2σ confidence regions are shown in red for the H(z) data, blue for
the Supernovae data and green for the BAO data, respectively, for both H0 priors. The combined
contours obtained from the total chi-square function (121) are given by the solid black lines. From
these plots it is clear that the preferred m-values depend on the H0 prior. With the Planck prior
positive values of m are preferred, while the HST prior results in a preference for negative m.
It is worth noting that in both two-dimensional plots the ΛCDM model, expressed by the
horizontal line at m = 0, lies outside the 2σ confidence level region of the total (χ2Total) function.
In order to obtain specific constraints on m we apply Bayesian statistical analysis. With this
procedure we obtain a one-dimensional probability distribution function (PDF) after marginalizing
the likelihood function
L = Ae−χ2Total(H0,Ωm0,m)/2 (122)
over the parameters H0 and Ωm0.
The resulting PDF for the parameter m is shown in the right panel of Fig. 8. Although positive
values for the parameter m are slightly preferred, the peak of the distribution has been obtained at
m = 0.004
+0.011(1σ) +0.017(2σ)
−0.011(1σ) −0.017(2σ) which indicates the agreement of the model with the ΛCDM model.
VI. DISCUSSION
We have established a class of scalar-tensor-theory-based cosmological models which are simple
extensions of the ΛCDM model. The background dynamics of this class has been discussed in detail.
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FIG. 8: Observational constraints on the model parameters. In the left panel we fix the hypersurface with
the Planck prior H0 = 67.8km/s/Mpc and display 1σ and 2σ confidence level contours in the plane Ωm0 x
m. The central panel displays the same contours with the recent HST prior H0 = 73.2km/s/Mpc. H(z) data
only is represented by red regions, BAO data in green and Supernovae data in blue. The contours obtained
from the total χ2 are denoted by the black solid lines. In the right panel we display the one-dimensional
probability distribution function (PDF) for the parameter m after marginalization over H0 and Ωm0.
Our main result is an analytic expression (69) for the Hubble rate which explicitly quantifies the
difference to the standard model through a constant parameter m which determines the dynamics
of the scalar field Φ. The solution for Φ is a consequence of the solution of the macroscopic
fluid dynamics. It corresponds to a scalar-field dynamics (72) with an effective potential given
by (73). We identified a geometric equivalent of the DE component of the standard model. The
corresponding effective energy density may be positive or negative, including a transition between
both regimes. The effective EoS parameter of this component diverges at the transition point
but the overall dynamics is well behaved. A similar comment holds for the effective adiabatic
sound speed square of the geometrical DE. Such behavior is unavoidable in any model in which
the energy density of an DE equivalent and its time derivative change their signs during the
cosmic evolution. This seems to limit the usefulness of an effective fluid description of parts of the
geometrical sector and may cause computational problems. But since the overall dynamics and
the dynamics of the matter component are smooth, the mentioned apparently unwanted features
do not really jeopardize the model. They just demonstrate the fact that the fluid picture for parts
of the geometry is a formal description which may well differ from that of a real fluid.
Our tests of the model parameter m with data from SNIa, H(z) and BAO constrain m to
values very close to the ΛCDM value m = 0 with a slight preference for positive values. We
expect the existence of the analytic background solution (69) to be useful for future investigation
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of the perturbation dynamics of this scalar-tensor extension of the ΛCDM model. Even a very
small non-vanishing value of |m| will certainly modify the standard scenario of structure formation.
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